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Basic Ideas from Linear Algebra and Vector Norms

1. Show that if A ∈ Rm×n has rank p, then there exists an X ∈ Rm×n and a Y ∈ Rn×p such that
A = XYT, where rank(X) = rank(Y) = p.

2. Suppose A(α) ∈ Rm×r and B(α) ∈ Rr×n are matrices whose entries are differentiable functions
of the scalar a. Show
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3. Suppose A(α) ∈ Rn×n has entries that are differentiable functions of the scalar α. Assuming
A(α) is always nonsingular, show
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4. Suppose A ∈ Rn×n, b ∈ Rn and that φ(x) = 1
2 xT Ax− xTb. Show that the gradient of φ is given

by ∇φ(x) = 1
2 (AT + A)x− b.

5. Assume that both A and A + uvT are nonsingular where A ∈ Rn×n and u, v ∈ R. Show that if
x solves (A + uvT)x = b, then it also solves a perturbed right hand side problem of the form
Ax = b + αx. Give an expression for α in terms of A, u, and v.
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